Abstract. In this work we revisit the question of whether Cosmology can be made compatible with scenarios with light sterile neutrinos, as invoked to explain the SBL anomalies, in the presence of self-interaction among sterile neutrinos mediated by massive gauge bosons. We examine this proposal by deriving the cosmological predictions of the model in a wide range of the model parameters including the effective interaction strength G X , sterile neutrino mass m st and active-sterile mixings. With those we perform a statistical analysis of the cosmological data from BBN, CMB, and BAO data to infer the posterior probabilities of the sterile self-interaction model parameters. BBN mostly provides information about the effective interaction strength and we find that log 10 (G X /G F ) ≥ 3.6 can describe the primordial abundances at 95% CL. Our analysis of CMB and BAO data show that when allowing a wide prior for the sterile neutrino mass its posterior is bounded to m st ≤ 0.91 eV (95% CL) considering CMB data only and m st ≤ 0.37 eV (95% CL) when adding the BAO information. So the mass bounds are slighly relaxed compared with that of a non-interacting sterile neutrino model but a sterile neutrino mass of 1 eV is still excluded at more than 2σ CL. Conversely if fixing the sterile neutrino mass and mixing to the values prefered by short baseline data we find that while that CMB data alone favors the self-interacting scenario, including the BAO information severly degrades the agreement with the model. Altogether we conclude then that adding the self-interaction can alleviate the tension between eV sterile neutrinos and CMB data, but when including also the BAO results the self-interacting sterile neutrino model cannot lead to a satisfactory description of the data.
Introduction
Over the last two decades it has been solidly established the need to extend the leptonic sector of the Standard Model with the addition of mass terms for at least two of its three neutrino states, as required to describe the results of solar, atmospheric, reactor and long baseline neutrino experiments (for a review see [1] ). In this extension, lepton flavors are not symmetries of Nature [2, 3] and the minimum joint description of all these data requires mixing among all the three known neutrinos (ν e , ν µ , ν τ ), which can be expressed as quantum superposition of three massive states ν i (i = 1, 2, 3) with masses m i leading to the observed oscillation signals with ∆m 2 21 = (7.40 ± 0.21)10 −4 eV 2 and |∆m 2 3 | = (2.5 ± 0.03) × 10 −3 eV 2 and non-zero values of the three mixing angles [4, 5] .
In addition to these well-established results, there remains a set of anomalies in neutrino data at relatively short-baselines (SBL). The first one came from the LSND experiment [6] which observed excess events ofν µ →ν e oscillations. An excess was also observed in the antineutrino mode of MiniBooNE [7] which was consistent with the results of LSND, while the search for ν µ → ν e oscillations reported excess only in the low energy range [8] . GALLEX [9] [10] [11] and SAGE [12] detected electron neutrinos produced by radioactive sources and observed deficit in the ν e capture rates. The deficit is known as Gallium anomaly. Furthermore, some reactor antineutrino measurements also reported deficit in theν e flux [13] in the near detectors. When interpreted in terms of oscillations, each of these anomalies pointed out towards a ∆m 2 ∼ O(eV 2 ) and mixing angle θ ∼ 0.1 [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] and consequently could not be explained within the context of the 3ν mixing described above. They required instead the addition of one or more neutrino states (what is usually referred to as 3 + 1 or 3 + N s models) which must be sterile, i.e. elusive to Standard Model interactions, to account for the constraint of the invisible Z width which limits the number of light weak-interacting neutrinos to be 2.984 ± 0.008 [25] .
Recently, some of these anomalies have been questioned, in particular with the results of new reactor neutrino experiments from Daya Bay [26] , NEOS [27] , and DANSS [28] [29] [30] , together with theoretical developments in the calculation of reactor neutrino fluxes [31, 32] . But a combined analysis of Daya Bay data with NEOS and DANSS experiments still allows for eV sterile neutrinos [33, 34] to explain for disappearance ofν e . Mounting tensions arise, however, to find a consistent description incorporating also the appearance results from LSND and MiniBoone [35] .
Besides the debate on the status of these hints towards light sterile neutrinos in oscillation experiments, massive sterile neutrino itself have interesting consequences in Cosmology. If they have a non-negligible mixing with active neutrinos, light sterile neutrinos were in thermal equilibrium with the active neutrinos in the early universe which results in the effective number of neutrino species N eff 4 in the 3+1 models. This is in tension with the precise measurement of primordial abundances produced in Big Bang Nucleosynthesis (BBN) [36] and with Cosmic Microwave Background (CMB) data which generically constraints N eff to be close to three, and the total mass of the neutrinos to be well below eV [37] .
The generic conclusion is that, in order to accommodate the cosmological observations within the 3 + N s scenarios motivated by SBL results, some new form of physics is required to suppress the contribution of the sterile neutrinos to N eff (see for example [38] ). Among others extended scenarios with a time varying dark energy component [39] , entropy production after neutrino decoupling [40] , very low reheating temperature [41] , large lepton asymmetry [42] [43] [44] , and non-standard neutrino interactions [45] [46] [47] , have been considered. All these mechanisms have the effect of diluting the sterile neutrino abundance or suppressing its production in the early universe. In particular the presence of new interactions in the sterile sector have been proposed to achieve this goal. The interactions via a light pseudoscalar for the 4th mass state has been studied by Archidiacono et al [48, 49] which lead to a consistent description of cosmological observations including an upward revision of Hubble constant H 0 . However, in their work the interaction strength was not mapped into N eff directly due to the complexity of the quantum kinetic equations (QKEs). Alternatively in Refs. [46, 50] it was proposed that new interaction between sterile neutrinos mediated by a new massive gauge boson X described by a Lagrangian
where g X is the gauge coupling. When the energy scale is smaller than the gauge boson mass M X , we can integrate X out to obtain an effective four sterile neutrino interaction Lagrangian with the effective coupling
. This new interaction has been studied by Saviano et al to obtain the bounds from BBN [51] as well as CMB and baryon acoustic oscillation (BAO) data [52] , and most recently in Ref. [53] from future measurements of the diffuse supernova background. The cosmological analyses concluded that this new interaction can reduce N eff to 2.7 via a late production of sterile neutrinos. And with a large coupling it can reduce the free-steaming of neutrinos, which can induce changes in the amplitude and phase of the acoustic peaks in the CMB spectrum [54] , and avoid the constraint on Σm ν from the measurement of large scale structure. However, the study in Ref. [52] showed that the strong self-interacting scenario described in Ref. [50] is excluded by more than 3σ. In this work, we have a critical look at the proposal of such vector-like sterile neutrino self-interactions without focusing on the representative strong-interacting scenario but rather exploring a large range of effective couplings from weak to strong. Our aim is to show to what extent this new interaction can or cannot alleviate the tension between light sterile neutrinos and Cosmology. Technically our work relies on the formalism developed in Refs. [52, 55] to account for the new sterile neutrino self-interactions in the QKE for the density of the neutrino ensemble, and in the Boltzmann equations for its perturbations, to which we introduce some minor improvements, as briefly described in Sec. 2. We extend those studies by consistently exploring the solutions obtained as a function of the parameters of the sterile neutrino selfinteracting model. With those at hand we perform a Bayesian analysis of the cosmological data from BBN, CMB, and BAO data to infer the posterior of the sterile self-interaction model parameters in Sec. 3. We summarize our conclusions in Sec. 4. We include an appendix with three short sections describing some details of our derivation of N eff in these scenarios, on the possible dependence of the results on the priors implied for N eff and on the range of validity of the study.
Framework
Our starting point is a ΛCDM cosmology extended with one additional sterile neutrino with mass m st with non-zero projections over two of the massive neutrino states (as parametrized by two mixing angles θ 14 and θ 24 ) with self-interactions as in Eq. (1.1) with coupling constant g X mediated by a massive boson of mass M X (or equivalently with an effective self-coupling G X ). For each point in the model parameter space m st , θ 14 , θ 24 , g X , and G X we first obtain the effective number of neutrino species at the time of BBN N eff (T BBN ) by solving the QKEs quantifying the neutrino flavour evolution as described in Secs. 2.1 and 2.2. Subsequently we consistently introduce both the results of the QKE's relevant for the neutrino background evolution and the direct effect of the sterile neutrino self-interactions in the Boltzmann equations for the neutrino perturbations as described in Sec. 2.3 and obtain the modified predictions for CMB and BAO observables.
Sterile neutrino production and neutrino flavor evolution
In the early universe the self-interactions in Eq. (1.1) induce inelastic collisions among the sterile states with rate
where n νs and T νs are the number density and temperature of the sterile neutrinos. Because of the mixing between sterile neutrinos and active neutrinos these collisions can bring the sterile neutrinos into thermal equilibrium with the active ones. However the self-interactions also induce elastic forward scattering among the sterile neutrinos which can be parametrized in terms of an MSW-like [56] effective potential which takes the form [57] 
where p is the momentum of the sterile neutrino and ε s is its energy density. As discussed in Refs. [46, 50] by introducing this effective potential the in-medium mixing angle between active and sterile neutrinos deviates from its vacuum value by
So if V eff f osc = m st 2 /(2E) before neutrinos decoupling from the primordial plasma, the in-medium mixing angle is highly suppressed and sterile neutrino production is deferred until after decoupling. By comparing the interaction rate with the expansion rate, and the selfinteraction potential with the oscillation frequency, one finds that this mechanism can work for strong enough interactions. However it was pointed out in Ref. [58] that the entropy possessed by the three active neutrino species will be shared with the sterile neutrinos. This leads to a reduction in the total neutrino energy density which implies that N eff can be as low as 2.7 instead of 4. A value which can be now too low when confronted with data unless some additional mechanism besides mixing was invoked to produce the sterile neutrinos [50] .
With this motivation we now move to precisely quantify which range of interactions can lead to successful description of the bulk of cosmological data. The quantitative determination of N eff in scenarios with light sterile neutrinos which are brought in to equilibrium by their mixing with the standard three active neutrinos requires to evaluate the time evolution of their energy density. To do so we can use the quantum kinetic equations (QKEs) of the 3+1 neutrino ensemble described in Ref. [55] . For sake of completeness we briefly summarize them here. We depart from Ref. [55] in which we consider a separate treatment of neutrino and photon temperature as well as an improved determination of the electron energy density.
The flavour evolution of the 3+1 neutrino ensemble is described in terms of a 4x4 density matrix (p, t) whose evolution is governed by the QKEs
where C[ ] represents the collision terms while the oscillation and in-medium potential terms corresponding to charged current (CC) interactions with the background electrons and the neutral current (N C) interactions with the background neutrinos are In what follows we fix the oscillation parameters for the three active neutrinos ∆m 2 21 , ∆m 2 31 , θ 12 , θ 13 , and θ 23 to the best fit for normal ordering from the global oscillation analysis in NuFIT 3.0 [4, 5] . In Eq. (2.5) E l = diag(ε e , 0, 0, 0), E ν , and E s = diag(0, 0, 0, ε s ) are 4 × 4 matrices containing the energy density of the electrons, active neutrinos (which is in general non-diagonal with non-zero entries in the upper 3 × 3 sector), and sterile neutrinos respectively. Equation (2.4), though well-defined, is extremely computationally demanding due to the momentum dependence of the density matrix, especially in the case of three active plus one sterile neutrino species. To retain the main features of the flavor evolution within a reasonable amount of computing time, we still resort to the average momentum approximation as described in [55] . In this approximation, ones remove the momentum dependence in the equations by assuming
where f FD Fermi-Dirac distribution function for the neutrinos and for convenience we have introduced the dimensionless variables
where we take the arbitrary mass scale m to be 1 MeV. We stress that we have added z ν to trace the difference between neutrino and photon temperatures at or after the time of e + e − annihilation. Since we are solving the equations below µ + µ − annihilation, always T ν ∝ 1/a so z ν is a constant (hence the f FD in Eq. (2.6) is only a function of y). In what follows we normalize the scale factor to a(t) = 1/T ν so that z ν (x) is always 1. However z γ will evolve. Indeed we can solve for z γ (x) from the conservation of stress-energy tensor (see Eq. (15) in [59] for a detailed treatment). The solution does not depend on the details of the neutrino flavor evolution, so this z γ (x) is precomputed as a known function before solving the QKEs. Altogether one finds 8) where in the potentials
10)
In the above equations G s = diag(1, 1, 1, 0) and G sX = diag(0, 0, 0, 1) contain the dimensionless coupling constants for active and sterile neutrinos, respectively. We have introduced the normalized Hubble parameter as 12) where M Pl is the Planck mass and the comoving total energy density is defined asε ≡ ε(x/m) 4 with ε =ε e + Tr( E ν + E s ) is the total energy density. If we define the "reference" cosmological model as the ΛCDM model plus three active neutrinos, in this model neutrinos keep in thermal equilibrium with the plasma until decoupling. After e + e − annihilation,
The number density of a neutrino species in the reference model is denoted by n * ν . In terms of the average momentum approximation, the diagonal entries in the density matrix denote the number density of active or sterile neutrinos normalized to n * ν . Also when computingε e we usẽ
with f FDe = g e / exp( y 2 + x 2 m 2 e /m 2 /z γ + 1) which is slightly different from from Eq. (18) in Ref. [55] in that we keep the electron mass so the energy density of electrons quickly approaches 0 during annihilation.
In Eq. (2.8), C[ ] is the momentum average of active and sterile collision terms expressed as [43, 55] 14) where the active neutrino scattering and annihilation matrix S = diag(g e s , g µ s , g τ s , 0) and
s ) 2 = 2.22, and (g µ,τ a ) 2 = 0.28 [43] while for sterile neutrinos S X = diag(0, 0, 0, 1). We always work in the approximation T ν < M X so annihilation terms are neglected . Note that when using the average momentum approximation we lose the details of the phase-space distribution, so we always assume all neutrino species share the same temperature when solving the QKEs. This assumption is robust since even if there are small differences between the temperature of the different neutrino species, the in-medium potentials are only corrected by factors of O(1) and the solution of the QKEs would be barely changed. We shall revisit this assumption later when we compute N eff , where instead a small shift in neutrino temperature can make a big difference.
We solve these equations for an array of values of the model parameters m st , θ 14 , and θ 24 (for simplicity we neglect mixing θ 34 ), g X and G X (or equivalently M X ) and obtain as a solution ρ(T ν ). As illustration of the output of the QKEs we show in Fig. 1 an example of the neutrino flavor evolution with parameters such that the new interaction is much stronger than electroweak interactions. As one would expect, sterile neutrinos are produced only when the temperature is well below 1 MeV and all four neutrino species get to similar number densities after thermalization. For comparison we show in the right panel the neutrino flavor evolution in the absence of new interactions. In this case sterile neutrinos get immediately thermalized with the active neutrinos. It clearly shows that the self-interaction among sterile neutrinos, when strong enough, is capable of postponing their production until after active neutrino decoupling. Next we need to obtain the value of N eff corresponding to the output neutrino matrix density. To this point it is important to notice that technically, under the average momentum approximation, N eff = Trρ(T ). However we know that, physically, the normalized neutrino energy density (which is what defines N eff ) does not coincide with its number density if neutrino thermalization takes place after active neutrino decoupling. This is so because the total entropy and number in the neutrino sector is conserved after decoupling, so the total normalized neutrino number density will always be close to 3. But it does not mean N eff = 3 because the entropy initially shared by the three active neutrino species is later shared by sterile neutrinos as well through thermalization, which leads to a reduction in the total neutrino energy density. To obtain N eff (T ) from the ρ(T ) obtained as the solution of the above momentum-averaged equations but which still accounts for this effect, we make the following assumptions: 1) Active neutrinos have decoupled completely from the plasma at 1 MeV. At that time e + e − annihilation has not taken place yet, so in the reference model neutrinos still have the same temperature as the plasma at 1 MeV. 2) All neutrino species keep Fermi-Dirac distribution during flavor evolution and their phasespace distribution is only characterized by their temperatures.
For sterile neutrinos we argue that they are able to maintain Fermi-Dirac shape as long as collisions are efficient enough to bring neutrinos to equilibrium. This happens when the new interaction is strong enough to keep neutrinos self-coupled, and when the new interaction is so weak that thermalization occurs before decoupling at which time electroweak interaction is still efficient. For the interaction strength in between, the behaviour of the physical system is expected to be continuous. We find that keeping the Fermi-Dirac shape approximation leads to solutions which interpolate well between the two limiting regimes of N eff . So we feel confident that we are still capturing the main dependence of the results with the model parameters.
Under these assumptions we find that for T < 1 MeV we can estimate N eff as (we include a small appendix with the derivation) as
We show in Fig. 2 N eff as a function of G X for a temperature well below thermalization, N eff,th . As expected for very small G X early thermalization leads to N eff 4 and for very large G X late thermalization leads to N eff 2.7. As seen in the figure the range of G X where the transition from 4 to 2.7 takes place depends on the choice of g X for fixed sterile neutrino mass and mixing.
Effects in Big Bang Nucleosynthesis
The N eff and neutrino number density we have obtained in the previous section have direct effects on the primordial abundances. In the early universe when temperature is much higher than 1 MeV, the primordial plasma consisting of photons, neutrinos, electrons and baryons is in thermal equilibrium with the ratio of the number density of neutrons and protons given by
where Q np = m n −m p = 1.3 MeV. Because of the small mass difference the neutron-to-proton ratio decreases drastically when the temperature drops below 1 MeV. Neutrons and protons are balanced mainly though beta decay and inverse beta decay, i.e. The two interaction rates are equal and can be approximated by Γ np ∝ G 2 F T 5 provided that n e = 2n νe since they share the same matrix element. In case neutrino number density deviates from this relation, the neutron-proton conversion rate
At about 1 MeV the relativistic degree of freedom g * = 10.75 + ∆N eff where ∆N eff = N eff − 3.046. In the radiation dominated era, the total energy density ρ tot ∝ g * T 4 , and the Hubble rate H ∝ g 1/2 * T 2 . Neutrons freeze out from the plasma when the neutron-proton conversion rate becomes comparable to the the Hubble rate, and we can find the freezing-out temperature
It shows that both N eff and electron neutrino number density can affect the time of neutron decoupling. A larger N eff can increase the expansion rate of the universe, which increases the freezing-out temperature; on the other hand, larger number density of electron neutrinos tend to increase the neutron-proton conversion rate, postponing the time of decoupling. The neutron-to-proton ratio n n /n p is roughly frozen after neutron decoupling until the temperature drops below 0.1 MeV, when the synthesis of nuclei begin. Almost all the remaining neutrons are bounded in the nuclei, thus the neutron-to-proton ratio at decoupling is of crucial importance in the determination of the abundances of primordial elements. We can incorporate the effect of ν e number density by assuming ρ ee = 1 but modifying g * to keep T f unchanged. It is straightforward to find the modified ∆N eff to be
This treatment is similar to that of Dolgov et al. [60] . Since N eff and ρ ee are rather insensitive to the small change in T f , while the neutron-to-proton depends on T f exponentially, we use the N eff and ρ ee at 1 MeV to determine the ratio n n /n p .
ν s self-interaction in neutrino perturbations
Next we would like to see quantitatively how the new interactions can affect the predictions of CMB and large scale structure (LSS) data. New interactions add collision terms to the Boltzmann equation and make the solution quite complicated. However, it has been shown in Ref. [61] that an exact description of neutrino interactions is quantitatively equivalent to the relaxation time approximation where the collision term can be approximated by [52, 62] 
where τ ν = (n νs σv ) −1 is the mean conformal time between collisions and N is the phase space perturbation of neutrinos. Since σv G 2 X T 2 νs , we have
where T νs is obtained from the solution of QKEs. In the Synchronous gauge, the neutrino Boltzmann equation can be written as
where i = 1, 4 represent the mass eigenstates, q = ap and η and h are gravitational potentials (not to be confused with Hubble parameter). Γ ij is defined in mass basis as
We can expand the perturbation N as in Legendre series [63] and rewrite the Boltzmann equation as (below we denote by "dot" the derivative with respect to proper time)
24)
25)
26)
In order to account for these effects in the analysis of CMB and BAO data we have solved the new collisional Boltzmann equations in a modified version of the Boltzmann code CLASS [64] for an array of values of the model parameters. Furthermore to account for the effects on the background equations we have to include also the modified energy density and pressure of the neutrinos at the starting of the background evolution in CLASS. These are obtained from the solutions of the QKE's described in the previous section under the assumption of Fermi-Dirac distribution. Under this assumption we "translate" the final ρ ii (T ) obtained at any T after decoupling into a T ν i which is then introduced in the phase space distributions for the neutrinos employed in the CLASS code 1 . Qualitatively this background effects can be understood in terms of a modification of N eff at CMB times though technically we do not use the variable N eff when solving the CLASS equations. In any case to help the discussion in what follows we mention an effective N eff at CMB times, N eff,th , obtained from Eq. (2.15) for temperatures well below thermalization and well above the non-relativistic transition for the sterile neutrino. For illustration we plot in Fig. 3 the predicted CMB power spectrum for set of model parameters. As in Ref. [52] we have set the collision terms to zero in the equations of monopole and dipole to ensure particle number and momentum conservation. In case Γ ij > H, the quadrupole (related to the anisotropic stress of neutrinos) and higher multipoles are suppressed. So in the presence of the interactions the power in higher multipoles are now transferred to the density and velocity fluctuations which in turn contribute to the total gravitational source and enhance the amplitude of the CMB fluctuations that entered the horizon before recombination. This enhancement is clearly seen in the figure when we compare the red line (G X = 10 7 G F ) with the dashed red line (G X = 10 10 G F ). We also notice that the location of the peaks is shifted in the new interaction models compared with the ΛCDM best fit. This is the effect associated with the modification of the neutrino background phase space distributions and can be understood qualitatively as the modification of N eff . For example for models with strong self-interactions for which at the CMB times N eff < N eff,th = 2.7 and the peaks move to the left as expected from the earlier time of mater-radiation equality (N eff < N eff,th because for CMB observables the contribution of the sterile neutrino to the radiation energy density is further reduced because they become partially non-relativistic during recombination). The solid blue line (G X = 10 −2 G F ), on the other hand, shows the opposite behaviour since for these weak interactions the resulting N eff is always larger than 3. Indeed, as a cross check, we have verified explicitly that the blue line can exactly mimic the behavior of a sterile species without interactions. The new interaction in this case is too weak to be significant in the thermalization of sterile neutrinos.
Data analysis: results
In this section we show the results of confronting the sterile self-interaction model with BBN, CMB and BAO data. Technically to obtain the predictions for these observables as a function of the model parameters we interface the solutions of QKEs with MultiNest [65] [66] [67] or with the modified CLASS by interpolating the tabulated solutions in the model parameter space and feed them to the codes.
Our aim is to explore as large model parameter space as possible but solving the QKEs and running CLASS is time demanding. So as a compromise, we allow the parameters to vary within the range G X = 10 −2 G F ∼ 10 10 G F (from much smaller than weak coupling to much larger than weak coupling), g X = 10 −3 ∼ 10 −1 (so we treat the gauge boson mass M X as a parameter derived from G X and g X and within the chosen ranges for these parameters it varies between 1 keV M X 120 GeV). As for the sterile mass parameters we allow m st 2 = 0.01 eV 2 ∼ 10 eV 2 so that the allowed sterile neutrino mass can be as low as the 95% CL of the cosmological bounds on neutrino masses, and can be much larger than the mass suggested by short baseline anomalies. The sterile neutrino mixing angles sin 2 θ 14 is varied in a range as large as 0.003 ∼ 0.3 motivated by the latest analysis of the SBL electron neutrino disappearance data [35] . In view of the tension between the between SBL ν e appearance channel and ν µ results we chose sin 2 θ 24 to be compatible with the bounds from ν µ disappearance. In order to keep the fit manageable we fix it to be 30% of sin 2 θ 14 . Finally with the existing oscillation data it is challenging to constrain the mixing between tau neutrinos and sterile states. So for simplicity we just assume sin θ 34 = 0. As we will see later, our results do not depend on a particular choice of mixing parameters.
BBN
Let us discuss first the results obtained from the analysis of BBN abundances of 4 He and deuterium. They have been determined by observations to be [68] 
and [69] y DP ≡ 10
where n b , n He , n D , n H are the number density of baryons and helium, deuterium and hydrogen nuclei respectively. To allow for a faster confrontation of the model predictions with BBN data, we use the predicted helium and deuterium abundances given by Taylor expansions obtained with the PArthENoPE code [70] , i.e. The treatment is similar to that of Planck Collaboration [37] . These theoretical predictions are subject to errors from neutron lifetime and the interaction rate of d(p,γ) 3 He of the order of σ th (Y P ) = 0.0003 and σ th (y DP ) = 0.06. Since these theoretical errors are not correlated with the errors from observations, we can add them in quadrature.
With these data we construct the likelihood
where the relevant model parameters are ω = (G X , g X , ω b , m st , sin 2 θ 14 ) and use MultiNest [65] [66] [67] . as a Bayesian inference tool.
We assume flat priors on log G X , g X and ω b within the range −2 ≤ log 10 (G X /G F ) ≤ 10 , 0.001 ≤ g X ≤ 0.1 , and 0.02153 ≤ ω b ≤ 0.02291 , where the prior on ω b is the 3σ range as obtained from Ref. [37] . We also assume gaussian priors on and m st and sin 2 θ 14 with m st = 1.13 ± 0.02 eV and sin 2 θ 14 = 0.009 ± 0.003 as motivated by the fit of ν e disappearance data in Ref [35] . The results are shown in Fig. 4 .
As expected very small G X is disfavored since it yields N eff close to 4. Conversely the posterior distribution of g X is almost flat meaning this parameter is very mildly constrained by BBN data within the chosen range. Allowed ranges for the parameters are g X ≤ 0.065 (1σ) and log 10 (G X /G F ) ≥ 5.3 (1σ) and log 10 (G X /G F ) ≥ 3.6 (2σ). Almost all values of g X are allowed at 2σ.
CMB and BAO
Most sensitivity to the sterile self-interacting model can be derived from the analysis of the CMB and BAO data. For concretness we include in the analysis the CMB spectrum from Planck 2015 [71] high multipole temperature correlation data as well as the low multipole polarization data (denoted as "Planck TT+lowP" in Planck's publications, and we use "TT" here for short). We also include the measurements of the scale of the baryon acoustic oscillation (BAO) peaks at different red shifts as measured in the 6dF Galaxy Survey [72] , the SDSS DR7 main Galaxy samples [73] , the CMASS [74] and LOWZ [75] samples from SDSS DR11 results of BOSS experiment.
To do the analysis we interface the output of the QKEs with the modified CLASS code for the neutrino Boltzmann equations and use Markov Chain Monte Carlo (MCMC) code Monte Python [76] for parameter inference. In total we have 10 parameters in this study. The six cosmological parameters are the same as the base ΛCDM model in Ref. [37] , i.e. the baryon energy density ω b ≡ Ω b h 2 , the cold dark matter density ω cdm ≡ Ω cdm h 2 , the size of sound Figure 4 . Posteriors of log 10 (G X /G F ) and g X from the fit to the BBN abundances of 4 He and deuterium. The yellow, blue and dark blue regions correspond to the 2σ, 3σ and 4σ allowed ranges, respectively.
horizon at recombination 100θ MC , the optical depth to reionisation τ reio and the amplitude and tilt of the initial power spectrum ln(10 10 A s ) and n s respectively. All six cosmological parameters have flat priors without upper nor lower limits except τ reio ≥ 0.04. Besides the six cosmological parameters, we have the four model parameters to describe the new scenario: log 10 (G X /G F ), g X , m st and sin 2 θ 14 . Their prior ranges can be found in Table 1 . We also fix the sum of the neutrino masses of active states to be 0.06 eV. Table 1 . Prior ranges for "broad prior" and "narrow prior". All the parameters are flat except m st and sin 2 θ 14 for narrow prior which are instead gaussian with the center and width listed above.
As seen in the table we impose two different priors on m st and sin 2 θ 14 . One is flat in the range 0.1 eV ≤ m st ≤ 3 eV and 0.003 ≤ sin 2 θ 14 ≤ 0.3, which we denote as "broad prior". It was chosen with the aim at studying the information on these parameters which can be derived from cosmology in the presence of self-interacting scenario . The other one is gaussian with m st = 1.13 ± 0.02 eV and sin 2 θ 14 = 0.009 ± 0.003 and is the same as the one we have adopted for the BBN analysis and it aims at targeting specifically the SBL anomaly. We denote it as "narrow prior". Technically, the narrow prior is imposed by adding a gaussian likelihood to the data likelihood.
The prior of the parameter g X is flat in the limited range [0.001, 0.065] as motivated by the 1σ range of BBN constraint discussed above. We notice that g X only enters in the CMB and BAO observables indirectly via its effect on the modified energy density and pressure of the neutrinos at the starting of the background evolution in CLASS. We have verified that extending its range would not add more freedom to the analysis while it affects numerical convergence.
As stressed above, in the analysis of CMB and BAO data N eff is never used as an input. Still, for a given value of model parameters we can obtain the value of N eff at the relevant temperatures. In this way, given the priors for the four model parameters we can infer the corresponding prior for N eff This is shown in Fig. 5 where we plot the derived priors of N eff,th corresponding to the two model priors for the relevant parameters. As N eff,th mainly depends on the effective coupling G X , if G X G F , N eff,th 2.7; on the other hand, if G X G F , N eff,th 4. Therefore the resultant N eff,th of both broad and narrow priors is peaked at these two extremes and it differs from those extreme values in a very small range of the input parameter space. In the figure we also include a modified prior which is nearly flat in N eff that we comment upon in the Appendix. We have summarized the results of our analysis in Table 2 and Fig. 6 where we give the allowed ranges of the 6+4 parameters and the posterior probability distribution for the four sterile model parameters respectively. As expected there is nearly no constraint on g X and sin 2 θ 14 . The 95% CL limit on m st for broad prior and TT data is m st < 0.91 eV. It can be compared with the 95% limit of m st < 0.82 eV in terms of the SΛCDM model in Ref. [52] . As expected in this scenario the limit is slightly relaxed. But, still, even in the presence of self-interactions with a wide range of couplings a sterile neutrino with mass larger than 1 eV is excluded by more than 2σ. Adding BAO data puts even tighter constraint on m st and we find m st < 0.37 eV at 95% CL.
We also notice that the interacting ν s scenario with large G X (G X > 10 4 G F ) is preferred over the non-interacting scenario when considering TT data only. This is expected since small G X tends to produce N eff 4 which is too far away from the favoured value of 3 to be reconciled with the shift of other cosmological parameters. What is more surprising is that by adding BAO data, the favouring of large G X drops significantly while that of small G X is lifted. Indeed, in the case of narrow prior, the non-interacting scenario is even more favored than the strongly interacting case. This change is also reflected in the derived posterior of Table 2 . Allowed ranges for the model parameters for different priors and data sets. Cosmological parameters are shown in mean±1σ and the parameters for the new interaction are shown in 95% CL except for m st and sin 2 θ 14 in narrow priors. In entries marked as − the full prior range is allowed. We also show the corresponding derived ranges for H 0 in unit of kms
N eff,th . Remember that the derived priors of N eff,th are peaked both at 2.7 and 4 (see Fig. 5 ) but the peak of around 4 is lower. However, as seen in Fig. 6 , the inclusion of BAO information to the TT data raises the peak of around N eff = 4 and for the case of the narrow prior it totally disfavours N eff = 2.7.
To better understand this behaviour we plot in Fig. 7 the predicted values of the BAO observable
as a function of redshift. D A (z) is the angular diameter distance, H(z)Hubble parameter and r s is the comoving sound horizon at the end of the baryon drag epoch. Let us stress that in our numerical analysis so far we have used as input parameters the ten parameters described above, so given a set of values for the ten parameters, H 0 is a derived quantity. For example for the parameters at the best fit of ΛCDM the Hubble constant comes out to be H 0 = 67.31 kms −1 Mpc −1 . But when showing the predictions in Fig. 7 to better control the dependence on H 0 we have traded one of the input parameters, 100θ MC by H 0 . By fixing ω b and ω cdm , r s is more or less fixed. But a change in H 0 modifies the fraction of dark energy, which changes the comoving distance back to the baryon drag epoch. Because of this D V is also modified. And as we can see from Fig. 7 for the strong interacting scenario BAO data favours H 0 in between 65 kms −1 Mpc −1 and 70 kms −1 Mpc −1 . Indeed, we see that the prediction for a strongly interacting ν s but with H 0 as low as 60 kms −1 Mpc −1 is even worse than the case of non-interacting sterile neutrinos with H 0 = 67.31 kms −1 Mpc −1 . The tension cannot be accommodated by varying other cosmological parameters in the range allowed by CMB data. Broad TT Broad TT+BAO Narrow TT Narrow TT+BAO Figure 6 . Posterior distribution of relevant cosmological and new interaction parameters. The solid red, dashed red, solid blue and dashed blue lines correspond to full prior with Planck data, full prior with Planck+BAO data, narrow prior with Planck data and narrow prior with Planck+BAO data, respectively. They are normalized so that the maximum probability density is 1. We stress that both N eff,th and H 0 are derived parameters.
However, a small H 0 is preferred by TT data, as we can see from Table 2 and Fig. 6 . For example when using the broad (narrow) prior we find that TT data prefers H 0 = 63.3
It is known that there exists a strong correlation between H 0 and N eff which we have shown in Fig. 8 by plotting the twodimensional posterior allowed regions for those parameters from the analysis with narrow prior (the corresponding ones for the broad prior are not very different). Thus the change in N eff has to be compensated by the shift in H 0 which explains the small H 0 favored by Planck data. However this small H 0 raises a tension with the BAO data. So when adding BAO to the analysis, a small G X which predicts large N eff and large H 0 may give a better (if still bad) overall description.
The previous discussion leads us to the question of whether the addition of sterile neutrino self-interactions does indeed help to reconcile eV sterile neutrinos with cosmological observations. To address this question we have summarized in Table 3 the minimum χ 2 obtained in the full parameter space explored for the different analysis. From the table we read 2 The result of broad prior is in agreement with the prediction of H0 = 62.6 ± 1.8 kms −1 Mpc −1 for the SΛCDM model in Ref. [52] and that of narrow prior is again consistent with H0 = 58.91 that the best fit for the interacting ν s model with the broad priors is always comparable to the ΛCDM best fit, and much better than the case without new interactions. This is because within the broad prior there always exists an interaction strength which predicts N eff 3 and a reasonable fit can be obtained at the lower limit of the allowed range of m st .
For the interacting ν s model with narrow priors we find that, as for cosmological data respects, ΛCDM is a better fit by ∆χ 2 min = −7.7 when using TT data, but still, it provides Table 3 . χ 2 min for various models and data combinations. The first column show the minimum of ΛCDM model (this χ 2 min is obtained from the chains of Planck Collaboration available at http:// irsa.ipac.caltech.edu/data/Planck/release_2/ancillary-data/.), and others display the shift χ 2 min with respect to this ΛCDM value. "Free-ν s BP" and "Free-ν s NP" are models of ΛCDM with one non-interacting sterile neutrino species with m st and θ 14 priors as in Table 1 but with a fixed and very weak interaction (G X = 10 −2 G F so effectively for this model N eff = 4).
a much better description than the non-interacting case. However, as read from the table, including BAO data (which are 4 data points) increases the χ 2 of both interacting and noninteracting scenarios with the narrow prior by ∼ 18 units as a consequence of the tension between the H 0 values favoured by CMB and BAO in this scenario. Therefore we conclude that self-interactions of ν s have limited power to reconcile the sterile neutrinos required by the short baseline anomalies when the BAO information is included.
Conclusions
In this work we have revisited the scenario with self-interaction among light sterile neutrinos mediated by a massive gauge boson proposed to alleviate the tension between O(eV) sterile neutrinos -motivated by the SBL anomalies-, and the cosmological bounds on the presence of extra radiation and neutrino masses. We have explored a wide range of the model parameters with the goal of determining if such secret interaction can (or cannot) improve the description of cosmological data. For each point in the model parameter space we have obtained the effective number of neutrino species at the time of BBN by solving the QKEs quantifying the neutrino flavour evolution. Subsequently we have consistently introduced these results in the evolution of the density perturbations relevant for predicting the CMB and BAO data. In order to do so we have solved the modified collisional Boltzmann equations for the perturbations accounting also for the effects of the modified energy density and pressure of the neutrinos in the background evolution.
With these predictions we have first performed an analysis of the BBN data in terms of the primordial abundances of 4 He and deuterium which mostly yelds information on the the effective interaction strength which we find to be bounded to log 10 (G X /G F ) ≥ 3.6 at 95% CL. We have then performed a Bayesian analysis of CMB and BAO measurements for two different priors on the sterile neutrino mass and mixings. By allowing a wide prior for the sterile neutrino mass, we find m st ≤ 0.91 eV (95% CL) considering Planck data only and m st ≤ 0.37 eV (95% CL) using a combination of Planck and BAO data. So the mass bounds are slightly relaxed compared with that of a non-interacting sterile neutrino model but a sterile neutrino mass of 1 eV is still excluded by more than 2σ CL. We also performed an analysis by fixing the sterile neutrino mass and mixing to the values preferred by short baseline data. Both analysis show that Planck data alone favors relatively large G X , i.e. the new interaction scenario, while including BAO information significantly increases the probability of models with small G X , i.e the non-interacting scenario. We have shown how this can be explained by the known degeneracy between H 0 and N eff -the small N eff (N eff 2.7) leads to small H 0 , which is in contradiction with the BAO data. As a consequence the overall quality of the fit is severely degraded. Furthermore this is also at odds with the lower bound on the interaction strength implied by BBN. We conclude then that adding the new interaction can alleviate the tension between eV sterile neutrinos and Planck data, but when including also the BAO results, the selfinteracting sterile neutrino model cannot provide a consistent global description of the cosmological observations.
In this way, we find N eff at 1 MeV to be
After decoupling the total entropy in the neutrino sector is conserved. In the new interaction model this implies Finally when switching to mass eigenstates we estimate the neutrino number densities by n ν i = α |U αi | 2 n να where as usual i denotes mass eigenstates and α denotes flavor eigenstates.
We still assume Fermi-Dirac distribution for mass eigenstates.
A.2 Dependence on the derived prior of N eff
The priors for the model parameters used in our analysis lead to a derived prior for N eff which is highly peak at either 2.7 or 4 as shown in Fig. 5 and while TT favours models close to the 2.7 peak, BAO disfavours them severely to the point of favouring models close to the 4 peak. One may wonder then if for models leading to N eff in the intermediate region one could find some compromise. This possibility however is not observed in the posterior distribution of those analysis as a result of the "volume effect" of the priors. It is important to stress however that the conclusion about the bad quality of the overall description of the TT+BAO data when using the narrow prior holds independently of this prior bias because it is based on the value of the minimum χ 2 of the analysis which is independent of the shape of prior probability distributions.
Still, to quantify the effect of the bias induced by the model priors in the derived posterior for the broad prior analysis, we have searched for an add-hoc prior for the four model parameters which resulted into a derived prior for N eff which was as flat as possible. We found that for this it was best to use M X and g X as base parameters instead of G X and g X . With a flat prior on log 10 M X for M X between 70 MeV and 1200 MeV and g X still flat between 0.001 and 0.065 (so the derived range of −2 ≤ log 10 (G X /G F ) ≤ 4.1) and with broad or narrow prior ranges for m st and θ 14 , the derived N eff prior obtained is that shown in the corresponding curve in Fig. 5 , which, as seen in the figure, is relatively flat between 2.7 and 4.
The resulting posterior for m st and N eff for the analysis with this add-hoc broad prior are shown in Fig. 9 . The first thing we notice is that with the ad-hoc prior we do not observe TT TT+BAO Figure 9 . Posterior distribution of m st and N eff assuming the add-hoc N eff prior and for the data combinations as labeled in the figure.
the appearance of the peak in the posterior around N eff = 4 when including BAO data. We find instead that even when considering TT+BAO data N eff < 3.54 and m st < 0.40 eV at 95% CL. In what respects to the interaction parameters for the add-hoc prior we find that the full range of g X is allowed at this CL while 70 ≤ M X ≤ 931 MeV when using TT data only (which implies 0.45 ≤ log 10 (G X /G F ) ≤ 3.88) while the full range of 70 ≤ M X ≤ 1200 MeV and −0.64 ≤ log 10 (G X /G F ) ≤ 3.36 is allowed in the TT+BAO analysis. We finish by commenting that when using this ad-hoc quasi-flat N eff prior we can crosscheck the results of our analysis with the corresponding analysis performed by the Planck collaboration in terms of an "effective" sterile neutrino mass with free N eff [37] . We find that our results are consistent with those obtained by Planck collaboration in their analysis (which includes TT+lensing+BAO data) N eff < 3.7 and m eff ν,sterile < 0.38 eV.
A.3 Validity of T ν < M X approximation
We have performed our analysis in a relatively broad range of G X and g X . They correspond to the gauge boson mass in a range as large as 120 GeV and as small as 1 keV. However when solving the QKEs we always assume T ν < M X so that the Lagrangian can be approximated by 4ν effective interaction. One may question if the approximation is still valid for small M X . To estimate the parameter region in which our approximation is not valid we look for the parameters for which more than 50% of the sterile neutrinos are produced at T ν > M X . Technically we require ρ ss not to have reached 0.5 when neutrino temperature drops below M X . We show in the left panel of Fig. 10 the inconsistent region of G X and g X while allowing mixing angle and m st to vary within the solution limits. In other words, this is the maximum inconsistent region for G X and g X . Recalling the definition of G X (
, the boundary line of the region corresponds to a constant M X 64 keV. Inside the region M X is smaller than this value. From the solutions of QKEs we find that for all the parameters in the inconsistent region we always obtain N eff 2.7, regardless of the choice of m st and sin 2 θ 14 . We argue next that despite the approximation does not hold, the solution obtained is still valid.
To qualitatively confirm this, we look at what would be the effective potential in case T ν > M X where V eff g 2 X T 2 ν 8E [50] and compare it with the oscillation frequency and the Hubble parameter. This is shown in the right panel of Fig. 10 (as a qualitative estimate we average 1/E over the phase space distribution of neutrinos and replace it by 0.456T ν in the plotted V eff ). As seen in the figure, in the full range of g X we use, the effective potential is always much larger than the oscillation frequency for temperatures above 1 MeV. This again leads to the suppression of the in-medium mixing angle in Eq. 2.3 and the late production of sterile neutrinos which leads to N eff 2.7. Notice that the maximum M X of 64 keV is much smaller than 1 MeV so for these curves it is always the case that T ν > M X We conclude that our solutions do still hold even in the region where T ν < M X approximation fails.
One caveat of the above argument is the possible effects associated with the direct production of the massive gauge boson if light enough. In the region of parameters we consider this is only expected to happen well after neutrino decoupling and therefore cannot lead to an increase of N eff . As a matter of fact, a massive gauge boson model in the T ν M X limit is qualitatively equivalent to the massless pseudoscalar model discussed in Ref. [48] where the QKEs describing two-neutrino oscillation shows g X has to be smaller than 10 −5 to achieve N eff > 3. This tells us that in our parameter range, the condition T ν M X implies that the thermalizaiton between active and sterile neutrinos has never happened. In other words in our scenario N eff > 3 can only be realized when T ν < M X above 1 MeV and the effective coupling G X is small enough.
